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We present a study of photon statistics associated with high harmonic generation (HHG), focusing
on the two-time correlations and bunching properties of the high harmonic photons, and of the
excitation respectively. We use a simplified model associated with high-harmonics generation in the
case of a quantum elementary source, modelled with a two-level atom. We give results of two models
in which: A) The exciting pulse is classical, and the harmonics are quantized; B) The backreaction
of the HHG on the quantized excitation is calculated, while effects of the harmonics are neglected.
Our calculations suggest that the high harmonic radiation is mostly displaying super-poissonian
statistics, with two-time correlations of oscillating characteristic. In significant portions of the time,
lim
τ→0+
g2(t, τ)>g2(t, 0) is fulfilled, implying at least partial nonclassicality of the resulting attosecond
pulses. The qualitative behavior of broadband two-time coherence has been investigated.
PACS numbers: 42.65.Ky, 42.50.Ar, 42.50.Ct
I. INTRODUCTION
High harmonic generation (HHG) is a strongly non-
linear effect that is observed in several state-of-the-art
experiments [1–3]. One of the most important applica-
tions is the generation of attosecond pulses, which can
monitor or induce physical processes on an experimen-
tally unprecedented time scale [4, 5]. Therefore, deep
understanding of the physical mechanisms underlying the
phenomenon of HHG is of crucial importance.
Historically, the strong-field physics and attosecond
science have been largely described semiclassically, treat-
ing the electron quantum-mechanically, and the electro-
magnetic field classically [6–8].
One potentially interesting experimental aspect of such
optical phenomena like HHG is measuring the photon
statistics, the statistical distribution in photon counting
experiments. In principle, one would have to calculate
all higher-order correlation functions in order to recon-
struct the photon statistics exactly, but the experimen-
tally most significant terms are those of up to second
order [9].
Of particular interest is the so-called two-time correla-
tion function, the calculation of which is generally non-
trivial. The properties of the two-time correlation func-
tion are deeply connected with the photon antibunching,
a non-classical feature of the photons: that of being mea-
sured in a time-delayed fashion with higher probability
then being measured at the same time.
Naturally quantum-optical properties like the photon
statistics are inherently unobtainable from a semiclassical
approach. Although there have been numerous studies
–both experimental and theoretical– about the photon
statistics of second- and Nth order harmonics [10, 11],
fully quantum optical treatments of the HHG are rel-
atively rare. Despite prior works, [12–18] the circum-
stances under which spectral and statistical properties of
the radiation considerably differs from the classical de-
scription is still unknown. Exploring such regimes could
lead to novel sources of attosecond light with intrinsically
quantum statistics such as squeezing and entanglement.
Measuring quantum properties of the exciting laser
pulse before and after interaction with matter could be of
experimental interest. Therefore, we give separate treat-
ment to the ”quantum-footprint” or backaction of HHG
on the excitation.
Naturally, the quantum properties of the radiation by
an isolated, point-like system may be effected for exam-
ple by the following properties:
The structure of the relevant energy levels of the system
and modes and the transition dipole-moments; the polar-
ization, intensity, and quantum properties of the excita-
tion (photon statistics, squeezing, etc.); the timescale of
the harmonic generation, i.e. whether spontaneous emis-
sion plays role in the dynamics.
In this paper we will only deal with strong, coherent,
short excitation and its interaction with a two-level sys-
tem.
The paper is organized in the following way: In Sec.[II]
we offer a brief synopsis of the correlation-functions used
in this article, and the definitions for photon-bunching
found in the literature. Sec.[III] specifies the models
[17, 18] we will investigate. In Sec.[IV] we present semi-
analytical and numerical results connected to high har-
monics induced by classical radiation. Sec.[V] presents
results of the backaction on the exciting pulse, where we
neglect the effects of the high harmonics.
II. CORRELATION FUNCTIONS
The complete characterization of the radiation field in
terms of the intensity is only possible in very limited
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2cases, i.e. that of multi-mode coherent fields. More ac-
curate descriptions are possible in terms of a hierarchy
of correlation functions as defined by optical coherence
theory [9, 19–21].
Correlation functions provide a concise method for ex-
pressing the degree to which two (or more) dynamical
properties are correlated. Generally speaking, the re-
sponse of a system to a specific weak probe is often di-
rectly related to a correlation function, therefore the de-
termination of specific correlation functions have been
the focus of many experimental setting and theoretical
research [22, 23].
In quantum optical experiments, the most relevant
auto- and cross-correlation functions quantifying photon
number detections are between photon numbers.
Usually, Si-avalanche photodiodes are used as detectors
in these experiments. These detectors typically can
achieve time resolution in the order of 500-50 ps. Since
detectors typically average over the detection time, fluc-
tuations of the correlation function (which can contain
important information in the physics of ultrafast pro-
cesses) are blurred. In recent years, picosecond resolu-
tion has become possible [24, 25]. We note however that
experimental verification of our results could require fem-
tosecond time-resolution.
The quantities that we will calculate are listed below:
-Normalized two-time photon number correlation
g2i (t, τ) =
〈a†i (t)Ni(t+τ)ai(t)〉
〈Ni(t)〉〈Ni(t+τ)〉
-Mandel Q parameter
Qi(t) = 〈Ni(t)〉
(
g2i (t, t)− 1
)
-Photon antibunching measure
δg2i (t, τ) = g
2
i (t, τ)− g2i (t, 0)
The experimental setup to measure these quantities is
typically similar to that of Hanbury Brown Twiss [26].
Definition and quantification of photon bunching and
antibunching is not completely unambiguous in the lit-
erature. Especially in experimental situations, when one
considers the integration of signals by the detector, the
concept of bunching needs careful handling [27, 28]. For
the sake of clarity, we list the commonly used definitions
of photon antibunching for a single-mode.
-Def. 1) The presence of photon antibunching is equiv-
alent to: g2i (t, 0) < 1 or Q(t) < 0 with the correlation
function and Mandel-parameter respectively. Inequali-
ties with the opposite direction imply photon bunching
[29].
-Def. 2) Photon antibunching follows from: G2i (t, τ) >
G2i (t, 0), where G
2
i (t, τ) = 〈a†i (t)a†i (t+ τ)ai(t+ τ)ai(t)〉,
and the opposite inequality implies photon bunching [9].
-Def. 3) Photon antibunching occurs when it stands for
the two-time normalized correlation function that:
g2i (t, τ)>g
2
i (t, 0). Bunching follows similarly to Def. 2)
[30] .
Definition 2) and 3) are equivalent only in the case
of stationary fields, while definition 1) is often associ-
ated, but not equivalent with either [10, 30, 31]. When
antibunching is meant as the tendency of photons to
distribute themselves separately rather than in bunches,
then often Def. 2) and 3) are limited for small τ , the sign
of lim
τ→0+
∂τg
2(t, τ) is used for classification [31].
To avoid potential misunderstandings, we state here
explicitly that in our article we will use antibunching in
this meaning, similarly to [32]. Comparison of definitions
are discussed in [10, 33]. Another nonstandard definition,
derived by employing second-order degree of coherence –
as defined by Klauder and Sudarshan– is used in [33–35],
as opposed to the more widely used definition by Glauber
[[36]].
FIG. 1: For clarification, we show a few possible two-time
correlation function with fixed t. According to the conven-
tion that we have adopted, they correspond to: superpoisso-
nian bunching, superpoissonian antibunching, poissonian un-
bunching, subpoissonian bunching, subpoissonian antibunch-
ing.
III. MODELS
As mentioned above, we investigate properties of the
high-harmonics and the exciting pulse separately. In
both case we assume that the femtosecond pulses are
–at least before interaction– characterized by coherent
states. Usually it can be assumed that the interaction of
the pulse with matter only perturbs the quantum statis-
tics of the pulse.
Although HHG is an inherently high-field effect, the
intensities of the generated harmonics are by orders of
magnitude lower than that of the exciting field. There-
fore, the usual assumption that the exciting field (with
high photon numbers) not necessarily needs to be quan-
tized, can be verified, but the same does not hold for the
weak secondary radiation.
3Let us consider the following Hamiltonian terms:
Ha = ~
ω0
2
σz, Hm =
∑
n
~ωna†nan, (1)
Ham =
∑
n
~
Ωn
2
σx(an + a
†
n), (2)
where the first term corresponds to a two-level atom, the
second term to the quantized electromagnetic modes, and
the third term expresses the quantized dipole-interaction.
When the electromagnetic field of the strong exciting
pulse can be described classically, then:
Hex(t) = −DE(t) = −dσxE(t) = −~Ω(t)
2
σx. (3)
We note that Ωn = 2d
√
~ωn
0V
, where V is the quan-
tization volume. Let us denote the eigenstates of the
atomic Hamiltonian by |e〉 and |g〉, i.e., Ha|e〉 = ~ω02 |e〉,
Ha|g〉= −~ω02 |g〉. Further, we use |+〉 and |−〉, so that
σx|±〉 = ±|±〉.
A) Whenever we wish to make statements about high
harmonics, we can (at least to a first approximation) con-
sider the laser pulse to be a classical time-dependent ex-
citation. Utilizing the dipole-approximation, we are led
to the following Hamiltonian [17]:
Hqc(t) = Ha +Hm +Ham +Hex(t). (4)
B) If on the other hand we focus on quantum proper-
ties of the laser pulse or generally do not wish to ignore
the quantized nature of the pulse, we naturally need to
consider a Hamiltonian without term Hex(t), connect-
ing the excitation to initial conditions. During the back-
action of HHG, it can be argued that the weak high-
harmonic radiations have little direct effect on the strong
pulse itself. Therefore, in this case a proper Hamiltonian
is:
Hcq = Ha +Hm +Ham. (5)
We are fixing initial conditions according to (C1), and
classical harmonic spectrum can be calculated through
the Fourier-transform of 〈σx〉.
When we investigate quantized high harmonics, in
principle all the electromagnetic modes would need to be
accounted for, with proper initial conditions. For sim-
plicity, we will assume the harmonic modes to have been
prepared as vacuum states.
The dynamics of the high harmonics are, to a large
extent induced by the quantized dipole driven by strong
classical and weak quantized fields. For practical rea-
sons, we need to utilize some kind of approximation
for the calculation of two-time correlations. While the
semiclassical theory of radiation assumes [37] that the
atomic quantities and field quantities are independent,
i.e. 〈σiaj〉 = 〈σi〉〈aj〉; that is a clearly unacceptable ap-
proximation when one investigates correlation-functions.
On the other hand, it is true that the effect of the low
intensity high-harmonic radiation on a classically driven
dipole, -and thus on each other is weak as long as the Rabi
frequencies are of typical order of magnitude. The cumu-
lative effects of the mode-mode interactions become pal-
pable at the timescale of the spontaneous-emission life-
time.
Due to the small timescale of interaction, it is accept-
able to neglect the interplay between different harmonics
and to consider the high harmonic modes independently.
This is acceptable provided that the timescale of the phe-
nomena –practically the timescale of the exciting pulse–
is negligible compared to the characteristic time of spon-
taneous emission. In the experiments, the pulse is in the
order of femtoseconds, which is typically many orders of
magnitude smaller than the transition lifetime.
On the other hand, whenever we wish to incorporate
the dynamics of a quantized short pulse, the field needs
to contain all relevant modes from which the laser pulse
can be realistically composed.
We will assume a linearly polarized laser pulse, with
electric field:
E(t) = A sin2(ωet) sin(ωf t+ φ) if t ∈ [0, pi/ωe]
where ωe < ωf , and φ is the carrier envelope-phase.
When we model the laser pulse quantum-optically, we use
three modes of the electromagnetic field in such a way,
that without interaction
〈E(t)〉= A
2
[
sin(ωf t+φ)− sin[(ωf−2ωe)t+φ]
2
− sin[(ωf+2ωe)t+φ]
2
]
(6)
stands.
FIG. 2: Pulse-shapes of the excitations (in absence of interac-
tion) used in this paper. Red and blue are used in Sec.[IV-V]
respectively. The ratio ωf/ωe equals 95 and 3, with φ = pi.
In the following two sections we present results for
these models.
IV. QUANTIZED SECONDARY RADIATION,
CLASSICAL EXCITATION
In principle there are many approaches to investigate
the dynamics given by Hqc(t). One is the widely used
4cluster-expansion method [38], which is based on finding
a reasonable cutoff for the infinite hierarchy of equations,
involving the expectation values of various operators.
FIG. 3: Top panel: Mandel-Q parameter as a function of time
(horizontal axis) and frequency (vertical axis). Calculation is
based on (B1), and Ωn/
√
ωn = 0.005 . Bottom panel: The
time-dependence of the excitation.
The dynamics of the two-time correlations, while in
principle could be calculated with the cluster-expansion
method in a straightforward manner, would lead to a
system of equations consist of a large number of variables.
Nevertheless, a physical picture concerning the char-
acteristics of the two-time correlation function can be
constructed through semi-analytical results.
A. Semi-analytical considerations about photon
antibunching
In the following, we will use the operators below.
The photon number operator Nn;
the atomic operators:
U = σx, V = σy, W = σz;
the first and second order field-operators:
(a†n + an), i(a
†
n − an),
(a†2n + a
2
n), i(a
†2
n − a2n);
and the atom-field operators:
U±n = (i)
(1∓1)/2σx(an ± a†n),
V ±n = (i)
(1∓1)/2σy(an ± a†n),
W±n = (i)
(1∓1)/2σz(an ± a†n).
The dynamical relations between them can be found in
Appendix A.
The positivity of limit ∂τg
2(t, τ)|τ=0 implies (assum-
ing that photon absorption happened in time t) that the
probability of photon absorption is larger some small
τ time later than the simultaneous absorption of two
photons. Hence, the sign of ∂τg
2(t, τ) implies bunch-
ing or antibunching in the sense of Def. 3). Naturally if
∂τδg
2(t, τ) = 0, higher derivatives need to be considered.
Expanding g2(t, τ)−g2(t, 0) up to the first order in τ , we
get:
g2(τ)− g2(0) ≈ 〈a
†Na〉+τ Ω2 〈a
†U−a〉
〈N〉〈N+τ Ω2 U−〉
− 〈a†Na〉〈N〉〈N〉
= τ Ω2
〈a†U−a〉〈N〉−〈a†Na〉〈U−〉
〈N〉〈N〉〈N+τ Ω2 U−〉
. (7)
Direct numerical calculations imply that –at least in the
cases investigated by us–, the first term in the numerator
is almost always of positive value, and dominates over
the second term. Since 〈a†Na〉 > 0, we can conclude
that in the limit of small τ photon antibunching is most
significant when 〈N˙〉 ∝ 〈U−〉 < 0.
As our model does not contain spatial functions,
propagating quantities can only be connected to time-
derivatives, i.e. it is 〈N˙〉 that roughly corresponds to
radiation at any given moment. Of course a more rigor-
ous treatment complicates this simple picture, but as an
intuitive concept it may prove useful.
With that in mind, it is worth considering a scattered
pulse (that is in a given high harmonic mode). In such
case, we can expect the scattered pulse to experience
more pronounced anti-bunching on the rear end, where
〈N˙〉 is negative before the photon-numbers reach their
asymptotic values.
It is also possible to gain analytical insight into the
oscillating characteristics of g2i (t, τ) with τ . One may
consider a fixed phase-space distribution (on a time-
dependent Neumann-lattice), where all coefficients other
than the one associated with initial vacuum are of or-
der  1. Then a qualitative approximation is given in
(D4), plotted on Fig.4.
FIG. 4: An analytical approximation of g2(t, τ), highlighting
the qualitative structure of oscillations. Compare with the
numerically calculated middle panel of Fig.5.
B. Numerical results
Direct numerical calculation is done on Fock-space
with appropriate cutoff. This method does not rely on
5FIG. 5: Two-time correlation for the fifth-harmonic, and com-
parison with photon-number. Horizontal axis shows time,
measured in periods of the carrier wave, on every panel. Top
panel: g(t, τ) on logarithmic scale. Vertical axis shows de-
lay. Middle panel: section of the top panel, for one-period of
τ . The coordinate of time is shared with the bottom panel.
Bottom panel: Photon number mean value. Ωn/
√
ωn = 0.005
linearization or other approximations although the sepa-
ration of modes is still utilized in the algorithm.
Focusing on the τ ≈ 0 values in Fig.5 one can observe
photon antibunching. In agreement with our prediction
– originating from Eq.(7)– that photon antibunching is
more considerable when 〈N˙〉 < 0; can be seen by com-
paring the middle and bottom panels.
Time-evolution of the two-time correlations can be
characterized by two timescales: The τ1 = 2pi/ω cy-
cle, and a τ2  τ1 characteristic time. The physical
process associated with τ2 is a slow spreading of the
Wigner-function [18], the dynamical process that irre-
versibly changes coherence properties. A significant qual-
ity of the high harmonics, nevertheless, is the roughly τ1
periodic photon antibunching.
C. Photon-bunching in attosecond pulses
As an outlook, let us use the results in a qualitative
manner. In certain interactions, when photon absorp-
tion is possible from a wide section of the spectrum, one
may want to use the multi-mode normalized correlation
function:
g2Σ(r1,t,r2,t+τ)=
〈
E†(r1, t)E†(r2, t+τ)E(r2, t+τ)E(r1, t)
〉〈
E†(r1, t)E(r1, t)
〉〈
E†(r2, t+τ)E(r2, t+τ)
〉
(8)
where E(r, t) denotes the operator of electric field opera-
tor in space-time representation. Let us note in passing,
that the widely used concept of cross-spectral purity [9]
does not stand for short pulses generally [39].
In some experimental situations, such as a molecule
absorbing photons from a wide section of the spectrum,
one can consider r1 = r2, and meaningfully ask ques-
tions about the photon bunching that characterizes the
phenomenon. While we have not employed spatial func-
tions in our model, let us make the following assignment:
a(r, t) → a(t)ei(kr) ; a†(r, t) → a†(t)e−i(kr). Then we
write:
g2Σ(r, t, τ) =
〈
Σijkla
†
i (r, t)a
†
j(r, t+τ)ak(r, t+τ)al(r, t)
〉〈
Σija
†
i (r, t)aj(r, t)
〉〈
Σija
†
i (r, t+τ)aj(r, t+τ)
〉
(9)
Here summation is to be done for the relevant harmonics.
Expectation values that contain odd number of operators
for a given mode are oscillating in the spatial variable.
For simplicity, we will assume that such oscillating terms
are dropping out when the summation is done. This
leaves autocorrelations and intensity cross-correlations in
the expression.
Our numerical calculations suggest that mode-mode
cross-correlations are close to unity during the whole in-
teraction (for τ = 0). In this section, we will consider
these terms to be practically independent of time, then
we can write:
g2Σ(r, t, τ) ≈
∑
i
g2i (t, τ)
〈
Ni(t)
〉〈
Ni(t+ τ)
〉〈
ΣjNj(t)
〉〈
ΣjNj(t+ τ)
〉 + o(g2ij)
(10)
Leaving the cross-correlations is a largely heuristic ap-
proximation, but as we aim for qualitative prediction, we
believe it to be acceptable.
If the relevant modes are part of the plateau, the value
of
ξi(t, τ) ≡ 〈Ni(t)〉〈Ni(t+ τ)〉〈ΣjNj(t)〉〈ΣjNj(t+ τ)〉
is oscillating around a constant that is the inverse square
of the number of modes in question.
For an excitation involving many-cycle pulse, the two-
time correlations are approximately periodic in τ . On a
6qualitative level it is meaningful to look at the behavior
of the approximate expression:
g2Σ(r, t, τ) ∼
∑
i
ξi(t, τ)g
2
i (t, τ).
We know that ωi takes mν (for odd m) and mν ± δ
(for even m) values. δ ranges from zero to about 0.35;
its dependence on parameters has been investigated in
[17]. One can observe g2Σ on Fig.6 (for simplicity we have
assumed equal intensities and phases), and while the ap-
proximations we have used is crude, it seems acceptable
to conclude that the value of  plays important role in
the structure of peaks in g2Σ(t, τ).
FIG. 6: Qualitative t and τ dependence of ln(
∑
j g
2
j (t, τ)),
for different spectral structures. a) shows the case of  = 0
(degenerate even harmonics) and b) of  = 0.35 (maximal
separation of even harmonics). T is the period of the base-
harmonic. The modes considered are ranging from the 3rd to
the 23rd harmonic
We observe photon bunchings to be much more well
structured if  = 0. The physical interpretation we may
associate with it is that for a given train of attosecond
pulses, well-ordered periodic multi-photon absorptions
can be highly probable.
V. BACKACTION OF HHG ON QUANTIZED
EXCITATION
The semiclassical calculations typically model the high
harmonic spectra by calculating the Fourier-spectrum of
the dipole-operator expectation value 〈σx〉.
In Fig.7 we have plotted some relevant quantities for a
short pulse of ≈ 1011 photons.
FIG. 7: Dynamics associated with a strong pulse. The pa-
rameters are γn = 0.001/
√
ωn, A ≈ 350/γ1, with φ being pi.
Time is parametrized in units of 1
ωf−2ωe . Top panel: The
dipole-operator expectation value. Bottom panel: Semiclas-
sical spectrum on logarithmic scale. The inset shows the cal-
culated mean electric field in units of 1/γ.
With such intensities we cannot identify any distin-
guishable effect on the photon statistics. On the other
hand, with pulses of about 108 photons, our model pre-
dicts observable amount of deviations in the photon
statistics. Comparison of relevant quantities can be ob-
served on Fig.8 for two few-cycle pulses.
FIG. 8: Top panel: The dipole-operator expectation value.
Middle panel: Mandel-Q parameter of the resonant mode.
The inset shows the calculated mean electric field in units of
1/γ. Bottom panel:
∑
i δg
2
i (t, τ)× 1011, upscaled sum of the
photon antibunching measures, with τ = 0.05.
7One can observe that the time-evolution of the mean
dipole-operator constitutes plateaus with high-frequency
oscillations. Similar structures have been analyzed semi-
classically in [40–43], and it is well known that semi-
classically the generation of high-harmonics is related to
similar abrupt population transfers, with characteristic
times of half-cycles.
Classically we expect that the high harmonic photons
are emitted in a time-correlated way. Proper understand-
ing of this process, however, necessitates investigating
quantized mode-mode cross-correlations of the harmonic
field, as touched upon in [12, 17].
As a final remark, let us mention that the three-mode
cross-correlation function g3 = 〈N1N2N3〉〈N1〉〈N2〉〈N3〉 is very close
to unity.
FIG. 9: Time-dependence of (g3 − 1) × 109. The red and
blue lines are to be understood as in Fig.8, corresponding to
carrier-envelope phase pi and pi/2.
VI. CONCLUSION
We analyzed photon antibunching of high-order har-
monics specific to a two-level radiating system. Most
of the harmonics are slightly super-poissonian, and we
observed that the high harmonic radiation displays sig-
nificant nonclassical behaviour in the form of photon an-
tibunching, in the sense of lim
τ→0+
g2(t, τ)>g2(t, 0).
Two-time correlations are displaying oscillatory values
with periods specific to the given mode. The multi-mode
interaction of attosecond pulses with matter then de-
pends on the spectrum in a way that is beyond classical
description. Our results predict that the spectral struc-
ture (which in turn depends on the parameter of the clas-
sical excitation) significantly modifies broadband photon
bunching patterns, in principle permitting to tune the
probabilities of nearly periodic many-photon absorptions
from a train of attosecond pulses.
The backaction of the process on the excitation has
been explored, and while change in the quantum state is
weak as expected, even a relatively strong laser pulse is
predicted to exhibit weakly nonclassical behaviour.
Although our results are specific to the two-level sys-
tems, we expect that some of the physical consequences
can be generalized to more complex systems.
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Appendix A: Exact operator-equations
A system of exact dynamical operator-equations guid-
ing the time-evolution of the multi-mode Rabi-model
with an added time-dependent classical excitation is
given below.
N˙n =
Ωn
2 U
−
n
U˙ = ω0V
V˙ = −ω0U + Ω(t)W +
∑
n ΩnW
+
n
W˙ = −Ω(t)V −∑n ΩnV +n
U˙+n = ω0V
+
n − ωnU−n
U˙−n = ω0V
−
n + ωnU
+
n + Ωn
V˙ +n = −ω0U+n − ωnV −n + Ω(t)W+n +
∑
j ΩjW
+
n (aj + a
†
j)
W˙+n = −ωnW−n − Ω(t)V +n −
∑
j ΩjV
+
n (aj + a
†
j)
V˙ −n = −ω0U−n + ωnV +n + Ω(t)W−n + ΩnWi(a2n − a†2n ) −∑
j 6=n ΩjW
+
j i(a
†
n − an)
W˙−n = ωnW
+
n − Ω(t)V −n − ΩnV i(a2n − a†2n ) +∑
j 6=n ΩjV
+
j i(a
†
n − an)
˙
(a†n + an) = ωni(a†n − an)
˙
i(a†n − an) = −ΩnU − ωn(a†n + an)
˙
i(a†2n − a2n) = −ΩnU+n − 2ωn(a†2n + a2n)
˙
(a†2n + a2n) = −ΩnU−n + 2ωni(a†2n − a2n)
Appendix B: Calculation based on linearized
equations
If the phenomena we wish to model can be charac-
terised by very small timescales, then the role of spon-
taneous emission can be neglected. This lead us (see
Sec.[III] ) to conclude that interaction between modes
of low excitation can be neglected, that is terms after
summations involving such modes may be ignored. Then
one can build an approximate system of linear equations
involving expectation values.
Below everywhere we will not use indices for the oper-
ators and will be using dimensionless quantities:
τ = ω0t, Ω
′ = Ωiω0 , ω
′ = ωiω0 , E(τ) =
Ω(τ)
ω0
.
Approximate equations are listed below. For the
8atomic operators we get:
U˙(t) = ω0V , V˙ (t) = −ω0U+Ω(t)W , W˙ (t) = −Ω(t)V ;
and for the atom-field operators:
N˙ = Ω
′
2 U
−
d
dτ

U+
V +
W+
U−
V −
W−
 =

0 1 0 −ω′ 0 0
−1 0 E(τ) 0 −ω′ 0
0 −E(τ) 0 0 0 −ω′
ω′ 0 0 0 1 0
0 ω′ 0 −1 0 E(τ)
0 0 ω′ 0 −E(τ) 0


U+
V +
W+
U−
V −
W−
+

0
0
0
Ω′
0
0
 . (B1)
Our calculations indicate that –after taking expectation
values– the equations above capture the essence of the
time-evolution of the photon-numbers.
To calculate second-order correlations, we can either im-
plement a larger set of variables or take advantage of the
fact that (B1) is linear. Linearity implies that operators
can be written as
Ai(t) =
∑
j
f
(i)
j (t)Aj(0) + f
(i)
0 (t)
where the time-dependence is in the easily accessible f(t)
coefficients.
〈Ai(t1)Ak(t2)〉 =
〈(∑
j
f
(i)
j (t1)Aj(0) + f
(i)
0 (t1)
)(∑
l
f
(k)
l (t2)Al(0) + f
(k)
0 (t2)
)〉
.
As the system is initially in ground state, the following expectation values can be used:
〈Ai(0)〉 = 0 ∀i except 〈W (0)〉 = −1
〈U0U0〉 = 〈V0V0〉 = 〈W0W0〉 = 1
〈W0U0〉 = 〈W0V0〉 = 0
〈V0U0〉 = i 〈U0V0〉 = −i
〈(a0 + a+0 )(a0 + a+0 )〉 = 〈a20 + a+20 + a+0 a0 + a0a+0 〉 = 1 〈−(a0 − a+0 )(a0 − a+0 )〉 = 1
〈i(a0 − a+0 )(a0 + a+0 )〉 = i〈a20 − a+20 − a+0 a0 + a0a+0 〉 = i 〈(a0 + a+0 )i(a0 − a+0 )〉 = −i
Using these results, time-dependence of expectation values such as 〈NN〉 can be approximated by the expression
below.
〈Ai(t1)Ak(t2)〉 = f i0(t1)fk0 (t2) + f iU+n (t1)f
k
U+n
(t2) + f
i
U−n
(t1)f
k
U−n
(t2) + f
i
V +n
(t1)f
k
V +n
(t2) + f
i
V −n
(t1)f
k
V −n
(t2)
+ f i
W−n
(t1)f
k
W−n
(t2) + f
i
W+n
(t1)f
k
W+n
(t2)− f iU+n (t1)f
k
V −n
(t2)− f iV −n (t1)f
k
U+n
(t2) + f
i
U−n
(t1)f
k
V +n
(t2) + f
i
V +n
(t1)f
k
U−n
(t2)
+ i
[
f i
U−n
(t1)f
k
U+n
(t2)− f iU+n (t1)f
k
U−n
(t2)− f iU+n (t1)f
k
V +n
(t2) + f
i
V +n
(t1)f
k
U+n
(t2)− f iU−n (t1)f
k
V −n
(t2) + f
i
V −n
(t1)f
k
U−n
(t2)
+ f i
V −n
(t1)f
k
V +n
(t2)− f iV +n (t1)f
k
V −n
(t2) + f
i
W−n
(t1)f
k
W+n
(t2)− f iW+n (t1)f
k
W−n
(t2)
]
(B2)
In special cases the operator-product is self-adjoint, and
its expectation value is real. In such cases, the last two
row of (B2) are zero.
9Appendix C: Representation of a quantized laser
pulse
We have considered three electromagnetic modes in
Sec.[V] . The Hamiltonian and initial conditions are:
Hcq = ~
ω0
2
σz +
3∑
j
~ωa†jaj +
3∑
j
~
Ωj
2
σx(aj + a
†
j);
|Ψ〉(0) = |g〉|iA2 eiφ〉ωf⊗|−iA4 eiφ〉ωf+2ωe⊗|−iA4 eiφ〉ωf−2ωe .
(C1)
We apply interaction picture, where the term ~ω02 σz in-
duces the interaction. Further details can be found in
[18]. For each mode we choose a finite version of the dis-
crete coherent representation called von-Neumann lattice
[44, 45].
Using a single index for each lattice-element for all
modes, we can write the wave function generally as:
|Ψ〉(t) =
∑
lmn
[
c+lmn(t)|ψ+lmn〉(t) + c−lmn(t)|ψ−lmn〉(t)
]
.
(C2)
Here we use solutions of the Schrdinger equation
i~ ∂∂t |ψ〉 = (Hcq −Ha)|ψ〉 given below.
|ψ+lmn〉(t) = eiδ
lmn
+ (t)|+〉|αl(t)〉+ωf |αm(t)〉+2ωe+ωf |αn(t)〉+2ωe−ωf
|ψ−lmn〉(t) = eiδ
lmn
− (t)|−〉|αl(t)〉−ωf |αm(t)〉−2ωe+ωf |αn(t)〉−2ωe−ωf .
For each mode, the time dependence is of the following
form:
|αx(t)〉+ω ≡ |γω + (αx − γω)e−iωt〉 γω ≡ − Ω2ω
|αx(t)〉−ω ≡ | − γω + (αx + γω)e−iωt〉; (C3)
and (omitting physically irrelevant terms)
δlmn± (t) ≡ ±γωf=[αl − (αl ∓ γωf)e−iωf t]
±γωf+2ωe=[αm − (αm ∓ γωf+2ωe)e−i(ωf+2ωe)t]
±γ2ωe−ωf=[αn − (αn ∓ γ2ωe−ωf)e−i(2ωe−ωf )t] (C4)
The time-evolution of the coefficients in (C2) can
be achieved by projecting the Schrdinger-equation to
biorthogonal 〈ψ±lmn(t)| states.
ic˙+lmn =
ω0
2
∑
l′m′n′
c−l′m′n′〈ψ
+
lmn|σz|ψ−l′m′n′〉(t) (C5)
ic˙−lmn =
ω0
2
∑
l′m′n′
c+l′m′n′〈ψ
−
lmn|σz|ψ+l′m′n′〉(t). (C6)
The biorthogonal states are defined so that they satisfy
〈ψ±lmn(t)|ψ±l′m′n′(t)〉 = δll′δmm′δnn′ .
The dynamics can then be separated into the oscilla-
tion of the displaced coherent states according to (C3),
and spreading over the phase space dictated by (C5).
The time-evolution of the wave function is characterized
by two timescales as mentioned at the end of Sec.[IV B].
We can associate a τ1 characteristic time with the evolu-
tion of the coherent states in the strong-field limit, while
the coefficients show both oscillations on the scale of τ1
and a slower spreading over the phase-space with τ2 > τ1
characteristic time.
Appendix D: Photon antibunching measure in small
τ limit
Two-time correlations are particularly simple when the
time-difference τ is very small in comparison to the τ2
characteristic time. This is an approximation we used in
Sec.[V]. For clarity, let us write:
〈a†(t)a†(t+ τ)a(t+ τ)a(t)〉 =
〈Ψ(t)|a†(t)U†(t, t+ τ)a†(t)a(t)U(t, t+ τ)a(t)|Ψ(t)〉.
If we assume that τ  τ2, then the change of coefficients
are to be neglected:
U(t, t+ τ) c(t)|±〉|β±(t)〉 ≈ c(t)|±〉|β±(t+ τ)〉. (D1)
In order to gain certain level of insight, we may assume
that the wave function associated with a given electro-
magnetic mode (leaving aside the |±〉 components) is:
|ψ〉(t) ≈ |η0〉(t) +
∑
j
j |η1j 〉(t) (D2)
where |j |  1 and
η0 = γ(1− e−iωt),
η1j = γ + (αj − γ)e−iωt.
Assuming that |αj | ∼ 1, and |j | ∼ |γ|
〈N〉(t) ≈ η0∗η0 +
∑
j
j
(
η0∗η1j + η
0η1∗j
)
+
∑
j
|j |2η1∗j η1j
≈ 2(γ2 + ||γ)(1− cosωt) + o(2),
(D3)
and a qualitative estimation to the two-time correlation
is then:
g(t, τ) ∼ (1− cosωt)(1− cos(ωt+ τ)) + γ
−2o(1)(
(1− cosωt) + o(1))((1− cos(ωt+ τ)) + o(1))
(D4)
Appendix E: On finite Neumann-lattices
It is useful to note, that while the Neumann-lattice is
a basis, this is strictly speaking only true if it covers the
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whole phase-space. Using only finite subset of the phase-
space, representation of the wave function is bound to
carry significant numerical errors. On the other hand,
using (among other possibilities) the so called periodic
von-Neumann basis [46, 47] can significantly increase the
fidelity of the basis.
Unfortunately the elements of the periodic von-
Neumann basis are not exactly coherent states, and can-
not be considered to be eigenstates of the annihilation
operator, thus losing the simplicity the coherent-basis of-
fers.
It is nevertheless possible to run calculations on peri-
odic von-Neumann basis, then evaluate expectation val-
ues while treating the basis elements as if they were a-
eigenstates, with a certain prescription of eigenvalues. In
our experiences, this can improve results for certain (low-
est order in a and a†) expectation values. Nevertheless,
the correction one may gain from this is not significant
for quantities that we have dealt with in this article, and
all results presented are done by using coherent-basis.
Another point worth noting is that for basically all
cases covered, each electromagnetic mode is going to be
close to the coherent state: the distribution of coefficients
on the Neumann-lattice can be viewed as having a signif-
icant peak, and around it small (∼ γ) slowly descending
coefficients around the peak. This means that for any
evaluation of 〈: f(a, a†) :〉, the most significant contri-
bution is brought by the single peak, the coefficient of
which varies little during the interaction.
This fits our experiences that relative errors of these
quantities are acceptable, but only if the given electro-
magnetic mode is not too close to the vacuum state;- as
in such case only the coefficients with slow falloff con-
tribute, providing poor convergence properties.
[1] M. Ferray, A. L’Huillier, X. F. Li, L. A. Lompre, G. Main-
fray, and C. Manus, J. Physics B 21, L31 (1988).
[2] M. Ivanov, R. Kienberger, A. Scrinzi, and D. Villeneuve,
J. Physics B 39, 1 (2005).
[3] C. Riek, P. Sulzer, M. Seeger, A. S. Moskalenko,
G. Burkard, D. V. Seletskiy, and A. Leitenstorfer, Na-
ture 541, 376379 (2017).
[4] G. Farkas and C. To´th, Phys. Lett. A 168, 447 (1992).
[5] C. Brif, R. Chakrabarti, and H. Rabitz, New J. Phys. 12
(2009).
[6] L. V. Keldysh, Sov. Phys. JETP 20, 1307 (1964).
[7] F. Krausz and M. Ivanov, Rev. Mod. Phys. 81, 163
(2009).
[8] M. Lewenstein, P. Balcou, M. Y. Ivanov, A. L’Huillier,
and P. B. Corkum, Phys. Rev. A 49, 2117 (1994).
[9] L. Mandel and E. Wolf, Optical coherence and quantum
optics (Cambridge university press, 1995).
[10] A. Miranowicz, J. Bajer, W. Leonski, and R. Tanas, in
Fifth International Conference on Squeezed States and
Uncertainty Relations, edited by D. Han, J. Janszky,
Y. Kim, and V. Man’ko (NASA Conf. Publ., 1998),
206855, p. 427434, : Various approaches to photon anti-
bunching in second-harmonic generation.
[11] Y. Malakyan, Opt. Commun. 86, 423 (1991).
[12] A. Gorlach, O. Neufeld, N. Rivera, O. Cohen, and
I. Kaminer (2019), arXiv:1910.13791.
[13] T. Kanai, S. Minemoto, and H. Sakai, Nature 435, 470
(2005).
[14] N. Tancogne-Dejean, O. Mcke, F. Krtner, and A. Rubio,
Phys. Rev. Lett. 118 (2016).
[15] A. Bogatskaya, E. Volkova, and A. Popov (2017), arXiv:
1701.05777v1.
[16] I. Gonoskov, N. Tsatrafyllis, I. Kominis, and P. Tzallas,
Sci. Rep. 6, 32821 (2016).
[17] A. Gombkt, A. Czirjk, V. Sndor, and P. Fldi, Phys. Rev.
A 94, 013853 (2016).
[18] A. Gombkt, S. Varr, P. Mati, and P. Fldi, Phys. Rev. A
101 (2020).
[19] K. E. Cahill and R. J. Glauber, Phys. Rev. 177, 1857
(1969).
[20] K. E. Cahill and R. J. Glauber, Phys. Rev. 177, 1882
(1969).
[21] K. E. Cahill and R. J. Glauber, Phys. Rev. 177, 1882
(1969).
[22] B. Berne and G. Harp, On the Calculation of Time Cor-
relation Functions (2007), vol. 17, pp. 63 – 227, ISBN
9780470143636.
[23] W. Bron, Ultrashort Processes in Condensed Matter
(1993), ISBN 978-1-4613-6284-5.
[24] M. Amann, F. Veit, J.-S. Tempel, T. Berstermann,
H. Stolz, M. van der Poel, J. M. Hvam, and M. Bayer,
Optics express 18, 20229 (2010).
[25] I.-C. Benea-Chelmus, G. Scalari, M. Beck, and J. Faist,
Phys. Rev. A 93 (2015).
[26] R. Hanbury Brown and R. Twiss, Nature 178, 10461048
(1956).
[27] S. Singh, Opt. Commun 44, 254 (1983).
[28] X. Zou and L. Mandel, Phys. Rev. A 41, 475 (1990).
[29] P. Meystre and M. Sargent, Elements of Quantum Optics
(Springer-Verlag, Berlin, Heidelberg, New York, 1991),
2nd ed.
[30] C. C. Gerry and P. L. Knight, Introductory quantum op-
tics (Cambridge university press, 2005).
[31] J. Peina, Z. Hradil, and B. Juro, Quantum Optics and
Fundamentals of Physics (1994).
[32] H. Dung, A. Shumovsky, and N. Bogolubov, Opt. Com-
mun 90, 322 (1992).
[33] A. Miranowicz, J. Bajer, H. Matsueda, R. Wahiddin, and
R. Tanas, J. Opt B 1, 511 (1999).
[34] A. Miranowicz, H. Matsueda, J. Bajer, R. Wahiddin, and
R. Tanas, J. Opt B 1, 603 (1999).
[35] A. Miranowicz, M. Bartkowiak, X. Wang, Y.-x. Liu, and
F. Nori, Phys. Rev. A 82 (2010).
[36] J. Peina, Quantum Statistics of Linear and Nonlinear
Optical Phenomena (1991).
[37] L. Allen and J. H. Eberly, Optical resonance and two-
level atoms, Dover books on physics (Dover, New York,
NY, 1987).
[38] M. Kira and S. W. Koch, Semiconductor Quantum Optics
(Cambridge University Press, 2011).
11
[39] M. Koivurova, C. Ding, J. Turunen, and A. Friberg,
Physical Review A 99 (2019).
[40] F. I. Gauthey, B. M. Garraway, and P. L. Knight, Phys.
Rev. A 56, 3093 (1997).
[41] C. Figueira de Morisson Faria and I. Rotter (2002),
arXiv:physics/0112076.
[42] C. Figueira de Morisson Faria and I. Rotter, Phys. Rev.
A, v.66 (2002) 66 (2002).
[43] P. Huang, X. Xie, X. Lu, J. Li, and X. Yang, Phys. Rev.
A, v.79 (2009) 79 (2009).
[44] V. Bargmann, P. Butera, L.Girardello, and J. R.Klauder,
Rep. Math. Phys. 2 (1971).
[45] A. Perelomov, Theor. Math. Phys. 6, 156 (1971).
[46] S. Machnes, E. Assmat, H. R. Larsson, and D. Tannor,
J. Phys. Chem. A 120, 32963308 (2016).
[47] S. Machnes, E. Assmat, and D. Tannor (2016),
arXiv:1603.03963.
